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1 Introduction 

Spatially homogeneous Bianchi cosmology has been a popular subject in general relativity ever 
since it was introduced by Taub in 1951 [1]. At first, because it made possible the study of effects 
of nonlinear anisotropic perturbations of spatially homogeneous and isotropic FRW models. More 
recently, a new context for the dynamics of Bianchi cosmology emerged, because it was realized 
that one can conformally rescale the Einstein field equations so that the spatially homogeneous 
equations occur on the boundary of the full state space of general relativity — the so-called silent 
boundary — with spatial coordinates appearing as an index set, which yields a building block for 
the detailed structure of certain special as well as generic spacelikc singularities [2, 3, 4, 5, 6, 7]. 

In Bianchi cosmology the space-time manifold M is regarded as a parameterized set of copies 
of a three-dimensional real Lie group G that acts as a transformation group on M with three- 
dimensional spacelike orbits, which form a geodesically parallel family of spatially homogeneous 
time slices, see, e.g., [8, 9] and references therein. The metric on M is defined by 

4 g=-N 2 (x )dx ®dx + g a p(x°)(u a +N a dx Q )®(u f3 + NPdx ) (a,/? = 1,2,3), (1) 

where {w Q } is a left-invariant co- frame on G dual to a left-invariant spatial frame {e Q }. This 
frame is a basis of the Lie algebra with structure constants C a ^ 7 , i.e., 

[e^,e 7 ] =C a ^ 7 e Q or, equivalently, du) a — — \C a p*i u 13 A cl> 7 . (2a) 

The structure constants can be decomposed as follows [10]: 

C a {s 7 = ep 7 s h aS + a a 6™ , a a = \C a C!a . (2b) 

The Bianchi models are divided into two main classes: The class A models for which d a = 0, and 
the class B models for which d a ^ 0. All class A models admit a Hamiltonian description while 
this is only the case for a few class B models, see, e.g., [9]. Although our results do not depend on 
Hamiltonian methods, a Hamiltonian approach simplify things. In this paper we will therefore be 
concerned with class A models. 

The foundation for basically all rigorous results on the dynamics of Bianchi cosmologies is the 
existence of an increasingly restrictive hierarchy of monotonic functions and conserved quantities, 
which is associated with a hierarchy of Lie and source contractions. But why do useful monotonic 
functions and conserved quantities exist at all, and how does one find them? The purpose of this 
paper is to reveal and exploit the underlying general mechanism, namely the scale-automorphism 
group, by thoroughly examining a specific example: We will restrict ourselves to the class A 
diagonal vacuum and orthogonal perfect fluid models, for which the fluid 4-velocity is orthogonal 
to the spatially homogeneous symmetry surfaces. In addition, we will assume that the perfect 
fluid satisfies a barotropic equation of state, p = p(p), and we will focus on linear equations of 
state p = wp with — 1 < w < 1, w ^ — 1/3, where p and p is the pressure and energy density, 
respectively. In this paper, we will derive, from first principles (i.e., from the scale-automorphism 
group), the structure that is necessary to describe the dynamics of the models under consideration, 
a structure that is the basis of every available theorem in this context [8, 12, 13]: A hierarchy of 
conserved quantities and monotone functions. 

Some of the ideas in this paper have precursors in work by Uggla in [8, Chapter 10], which was used 
in the proofs of some of the theorems in [8] and in the proofs of the Mixmaster attractor theorem 
in [11, 12, 13, 14]. The analysis of [8, Chapter 10] in turn rests upon earlier work in [15, 16, 17, 18, 9] 
and references therein. Furthermore, some of our results were inspired by material presented in a 
talk by Uggla at the Newton institute in 2005. However, here we develop, for the first time, the 
complete picture in full detail. Moreover, we use different and more efficient general techniques 
than in the precursor material; this in turn sets the stage for developments as regards more general 
and complicated situations. 

The outline of the paper is as follows. In the next section we give the Hamiltonian equations of 
the present class A models and derive the so-called reduced Hubble-normalized dynamical system 
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Tabic 1: The Bianchi types that belong to class A are characterized by different relative signs of 
the structure constants {h a ,hfj,h 1 ) 1 where (a[3j) is any permutation of (123). In addition to the 
above representations there exist equivalent representations associated with an overall change of 
sign of the structure constants; e.g., another type IX representation is ( ). 



which has been the framework for our detailed understanding of class A vacuum and orthogonal 
perfect fluid cosmology [8, 11, 12. 14]; however, see, e.g., [13, 19] for other useful variables. In 
Section 3 we present the scale-automorphism group. In Section 4 we show that the reduced Hubble- 
normalized dynamical system is a kinematical consequence of the scale-automorphism group; it 
is a self-contained system for the scale-automorphism invariant, i.e., scale and gauge invariant, 
degrees of freedom. Section 5 contains Hamiltonian considerations of a general nature. For a 
class of Hamiltonians that encompasses the class A Hamiltonians we derive conserved quantities 
and monotone functions, and analyze the conditions under which such functions arc invariant 
under a Lie group of transformations (such as the scale-automorphism group). These results 
are subsequently applied in Section 6: Using the scale- automorphism group we derive conserved 
quantities and monotone functions in a step-by-step manner for each Bianchi model; these objects 
are expressed in terms of the state vector of the reduced Hubble-normalized dynamical system of 
Section 2. We conclude with a discussion in Section 7 where we argue that the present work is 
just an illustration of a phenomenon with much broader ramifications, e.g., we discuss the effects 
of the scale-automorphism group in the context of the Einstein- Vlasov system. 

2 Hamiltonian approach and dynamical systems framework 

In this section we use the Hamiltonian description of class A Bianchi cosmology to derive the 
Hubble-normalized dynamical systems formulation. We consider the vacuum and orthogonal per- 
fect fluid case, for which one can choose an adapted frame that simultaneously diagonalizes the 
metric and the matrix h a @ of (2), i.e., 

4 g = -N 2 dx° <g> da; + g n <g> lj 1 + .g 22 & 2 ® C? + 333 w 3 ® w 3 , (3a) 
dw 1 = —hi Cj 2 Aw 3 , du) 2 = —hi Cj 3 Ac!) 1 , du) 3 = —77,3 w'au 2 . (3b) 

see, e.g., [8]. The structure constants hi, hi, rc.3 represent the symmetry group; a classification of 
the various class A models given in Table 1. It is convenient to represent the metric (3a) as 

4 g = -g N 2 dx° ® dx° + e 2 " 1 ® w 1 + e 2 ^ C? ® Q? + e 2 ^ C? ® Q? , (3a') 
where g is the determinant of the spatial metric, i.e., g = detg = exp[2(/? 1 + 1 + f3 3 )]. 

2.1 Hamiltonian equations 

The scalar Hamiltonian (density) is given by [8, 9] 

JC = 2 Ny/g (n a n b G ab - n a n b T ab ) = -Ng ((tr kf - k a ^ a + 3 R - 2p) = , (4) 
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where n a is the unit normal vector field of the spatially homogeneous foliation; G a b is the Einstein 
tensor, and T a b is the stress-energy tensor — we use units such that Newton's gravitational constant 
G and the speed of light c are given by 8itG = 1 and c = 1 . The expression k a p denotes the second 
fundamental form of the spatial hypersurfaces; 3 R is the scalar curvature of the three-metric g a /3, 
and p is the energy density. The relation "K = is the Hamiltonian constraint. 

In the special case (3a) we have dog a p = —2Nk a p, where do = d/dx°, and thus 

k a fj = g a ^k lP = diag (k\,k 2 2 ,k 3 3 ) = -N- 1 diag (d (3\ d (3 2 , d p 3 ) . (5) 

Expressing (4) in terms of (3 s and do/3 5 , (5 = 1,2, 3, cf. (5), allows us to apply the standard formalism 
to obtain the momenta wg that are canonically conjugate to f3 s . Let (a/?7) be a (fixed) permutation 
of (123), then 

7T a = -2N- 1 ^(d Q ^ + d a ^) = 2Jg(k% + k\), fc a a = -i<T 1/2 (t^-t^-t^), (6) 
cf. the Hamiltonian equation (12a) below. 

A key step is to introduce the so-called minisuperspace metric Q a p and its inverse Q a ^ by 

g a p=(-i o -i); g al3 = \\-\ i -l). (7) 

V-i -i oj \-l 1 l) 

The signature of Q a p is ( — h+), and hence Q a /3 is a (2+ l)-dimcnsional minisuperspace Minkowski 
metric. Based on (6) and (7) we have 

k a ^ a - (trfc) 2 = \g- X g^ S ^s and 3 R = -g^G^ 5 {h^ ){n s e 2 ^ ) , (8) 

where we sum over 7, 5. Like 3 i?, the energy density p in (4) can be expressed in terms of the 
metric variables f3 s , 5 = 1,2, 3, which is because, in principle, the conservation law V a T ab ~ can 
be solved for barotropic equations of state p = p(p) ; in the present case we obtain 

dp dp = dg 

p + p(p) p(l + w(p)) 2g> () 

therefore, p = p(g); the function p{g) is monotonically decreasing if the weak energy condition is 
strictly satisfied, i.e., if p > and p + p > (i.e., w > —1). For a linear equation of state p = wp 
with w = const, (9) yields 

p = po .g-( 1 + ")/ 2 = po e -(l+-)C/3 1 +/3 2 +/3 3 ) ; (Q/) 

where po is a constant of integration. 

Making use of the above results, the Hamiltonian (4) reads 

•K = N Vi = N {\g l5 Ti^ s - 3 Rg + 2pg) = NG^ 5 hiring + (h 1 e 2f3 ~' )(h s e 2l3S ) + fps&J . (10) 

We split into a kinetic part T, a gravitational potential t/ g , and a fluid potential Uf, i.e., 

3i = NK = N(T + U g + U { ) =0, where (11a) 
T=i^ 5 7r 7 7r 5 , (lib) 
U g =g^(n je 2 ^)(h s e 2135 ), (11c) 
U t = 2pg = 2p e^- w ^ 1+ ^ + ^ . (lid) 
Note that the second expression in (lid) requires a linear equation of state, i.e., w = const. 
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If we regard N as an independent variable then variation w.r.t. N yields the Hamiltonian constraint 
H = 0, and we obtain the Hamiltonian equations 



3Zn = — = 3^(7^-7^-7^), (12a) 



d(3 a d'K 
dx° dn a 

dir a dK 
~d^ ~ ~df3" 



= -2N 



h a e 2 ^(h a e 2 ^ - npe 2 ^ - n 7 e 2 ^) + (1 - w)p Q e^- w ^ 1+ ^ + ^ 



(12b) 



In (12), (aj3j) is a cyclic permutation of (123) and no sums are taken over repeated indices. Note 
that the Hamiltonian momentum constraints are identically zero and thus automatically satisfied 
for the present models; this is because both the Einstein tensor of a diagonal class A metric and 
the the stress-energy tensor for an orthogonal perfect fluid are diagonal. 

It is useful to introduce additional variables, (3° and ttq, which are part of the Misner parameteri- 
zation of the metric variables [20, 21], 

j 3° = |(/3 1 +/3 2 +/3 3 ), 7r =7ri+7r a +7r 3 , (13) 

and to express (lid) in terms of 0°, i.e., U { = Uf(0°) = 2pg = 2p e ^(i-w)p° _ 



2.2 The Hubble-normalized dynamical systems approach 

The main idea of the Hubble-normalized dynamical systems approach to Bianchi cosmology is to 
'factor out' the expansion (or, equivalently, the Hubble variable) and decouple the gauge degrees of 
freedom from the 'essential' dynamics. The Hubble variable H (which is not to be confused with the 
Hamiltonian K) is proportional to the expansion 8 of the congruence of geodesies orthogonal to the 
symmetry surfaces and thus to the mean curvature trfc, i.e., H = \ 6 = ^ N log ^/g = — ^ tr k. 
Using (6) and ttq = w± + tt2 + 113, cf. (13), we see that 

H = - § tr k = -i g- 1/2 *o = ~T2 e- 3/3 ° tt , (14) 

One is primarily interested in expanding cosmological models, i.e., H > (<-*■ ttq < 0). The shear 
— diag(cr 1 , cr 2l 03) °f the congruence of geodesies orthogonal to the symmetry surfaces is 

o a = -k a a + ±trk = -k a a -H=± g- 1 ' 2 (tt q - |tt ) = \ e~ 3(3 ° (tt q - ±tt ) , (15) 

see (6); o\ + 02 + 173 = 0. The Hubble-normalized dynamical systems approach is based on the 
definition of dimensionless variables. Let (a/?7) be a permutation of (123); then 



S Q = ^ = (-6) (j^- - = 2 7T 1 [(tT/3 - 7T Q ) + (7T 7 - 7T a )] 



(16a) 



N a = n a = - 12 n a ^ X e 2pa , (16b) 

cf. [8], where we have used (14) and (15); clearly, Si + S 2 + S3 = 0; we note that N a = when 
h a = 0. Eq. (16a) implies 

7 r (5 = i(2-S 5 )7ro (5=1,2,3), (16a') 

which is consistent with 7Tx + ~ki + ^3 = 7To, since Si + S2 + S3 = 0. 

Since the variables N a , a = 1,2,3, incorporate the structure constants h a , the variable transfor- 
mation between the original variables and (H,Y, a , N a ) is one-to-one only for Bianchi types VIII 
and IX (where n a 7^ Va). For the lower Bianchi types (I, II, VIo, VIIo) we may define 

M 5 =-|^ = -12V 1 e 2 ^ (5=1,2,3). (17) 
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To reconstruct the original variables (metric or Hamiltonian) from (E a , Np) we have to add H and 
one variable Mg for each missing variable Ng (when hg = 0). 

In addition to the variables (16) we define the Hubble-scaled energy density il = p/(3H 2 ) and the 
Hubble-scaled spatial curvature scalar —20k = 3 R/(3H 2 ); hence 



p _ 48p 5 48po e~ 3(1+to)/3 ° 24U t 
3H 2 



= = ~isr = 12 = —jt > ( 18a ) 



"0 "0 "0 

O k = = = S = iG^N.Ng = i [TVf + iVf + iV| - 2(N 1 N 2 + N,N 3 + N 2 N 3 )} 

Note that f2 k simplifies when a structure constant n Q is zero (since then N a = 0). In particular, 
O k = in Bianchi type I; O k = ±N 2 in type II; Q k = j^(N a - Np) 2 in type VI and VII . 

Finally, we Hubble-normalize the tracefree part of the spatial three-curvature and obtain 



H 2 ~ it 2 ~ 3 

where we use (8) and 



N a (2N a - Np - N 7 ) - (Np - iV 7 ) 2 , (19) 



2.9 



(a/3 7 )G {(123), (231), (312)}. 



Apart from the Hubble-scaled variables and matter/curvature quantities, wc also introduce a scaled 
lapse HN, which we set to one, i.e., 

N = H- 1 & 7V = -12tt ( 7 1 , (20) 

in order to obtain a scale-invariant (see Section 4) time variable a; , which we denote by r. This 
results in dr = d/3 , since the Hamiltonian equations (12) yield 



d/3° _ d'K 
dr Ottq 



-±Nn = l. (21) 



With this choice of time variable, the Hamiltonian constraint (10) can be written as 

2n Q 1 3i = -24tT(7 V 5 \\^s + (h^e 2131 )(h s e 2f}S )] - 48^^.9 ^l-T, 2 -Q k -Q = 0, (22) 
where S 2 := ±(£ 2 + Y? 2 + E§). 

The Hamiltonian equations (12) and the Hamiltonian constraint "K = lead to the following re- 
duced Hubble-normalized dynamical system of evolution and constraint equations for the 'essential' 
Hubble-normalized variables (£ a , Np) [hp ^ 0): 

J S' a = -(2- 9 )E a -X (0 = 1,2,3), 
Evolution eqs. < 23a) 
[ N' = (q + 2T,p) N f3 (np ^ 0, no sum over 0) , 



, = Si + s 2 + s 3 , 

Constraints < „ (23b) 

1 o = i - s 2 - n k - n . 



Here and henceforth, a prime denotes the derivative w.r.t. r. The quantity q denotes the deceler- 
ation parameter, which is given by 

q = 2S 2 + |(1 + 3w)n . (24) 

Note that 2-q = 2fi k +§(l-u;)fi. In the system (23) we can use the Hamiltonian constraint (Gauss 
constraint) to globally solve for O according to SI = 1 — S 2 — f2 k ; consequently, the system (23) 
only involves E Q (a = 1,2,3), the (non-zero) variables Np (hp ^ 0), and w. 
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In addition to (23), the Hamiltonian equations (12) imply the evolution equations 

d'K 

H' = -(l + q)H & ^ = -_ = (2-«)tt (25) 

for the Hubble scalar H and ttq. Other equations of interest are the auxiliary equations for f2, Ms, 
(5 = 1,2, 3, and the equation for the Hamiltonian variables (3 a and 7r Q , a = 1, 2, 3. 

Q! = (2q - (1 + 3w))fl , M' s = {q + 2S.5) Ms (hs = 0, no sum over 6) , (26a) 

OK 

(I3 a )' = ! + £„, 7r ' a = -— = l 7 r [N a (N a -Np-N 7 ) + 3(l-w)n]. (26b) 



Both in the vacuum case and for a perfect fluid with a linear equation of state w = const, the 
reduced dynamical system (23) completely describes the dynamics of Bianchi models of class A; 
the system (23) contains [2 + number of hp ^ 0] degrees of freedom in the perfect fluid case with 
w = const, which is in contrast to the Hamiltonian problem which a priori involves six degrees of 
freedom {/3",7r Q }. Due to the decoupling of (25) and (26), one reconstructs the metric (3) from a 
solution of (23) in a straightforward manner: Integration of (25) yields H, which, together with 
the solution of (23), algebraically leads to the metric via (16) for Bianchi types VIII and IX; for 
the lower Bianchi types one also has to integrate Ms (when hs = 0) by means of (26a), and then 
use (17) to obtain the metric component gss- In Section 4 we show that the decoupling of H and 
Ms is due to the fact that these variables are scale and gauge variables, respectively. 

In the following we derive from first principles monotone functions and conserved quantities that 
restrict, or even determine, the flow on the state space of the reduced dynamical system (23). We 
begin by defining and discussing the scale-automorphism group and its properties. 



3 Scale-automorphism transformations 

The scale group is associated with changes of the length scale. Consider a quantity £ that has 
dimension length, and change the length scale by a constant factor e s : £ i— > e s I. Regarding the 
metric (3), it is natural to consider the 1-forms u: a and the associated structure constants h a as 
scale- invariant (i.e., as not carrying dimension length), which corresponds to viewing the spatial 
coordinates as dimensionless. Therefore, ds 2 t— > e 2s ds 2 implies g a p e 2s g a p, which leads to 

[3 a ^f3 a + s, P°^P° + s, n a ^e 2s Tr a , tt h- e 2s tt . (27) 

where the scaling of the canonical momenta is immediate from the Hamiltonian equations (12a), 
since TV i— > e s N and thus N i— > e~ 2s N. 

Spatial frame transformations. Consider a linear change of the spatial frame 

u a h-> A a (i Cj li , (28a) 

which induces the transformations 

g a ^{A- Y y a {A~ 1 ) 6 fi g 1 s, h aP h- -J-^ A% A? s n* 5 . (28b) 

It is of some interest to consider time dependent transformations, see, e.g., [9, 15, 22, 23, 24] and 
references therein, but for our present purposes it suffices to consider constant ones. Furthermore, 
since we consider the diagonal case (3a), we restrict our attention to diagonal maps 

A a f3 = diag (exp(a 1 ), exp(a 2 ), exp(a 3 )) . (28c) 

Let 

a = ^(a 1 + a 2 + a 3 ) (29) 
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Bianchi type 



ScaleFrame 



ScaleAut t 



Aut 



SAut* 



Ham. scale symm. 
«t fluid 



Ham. symmetry 
vacuum fluid 1 '- 



VIII, IX 
VI , VII 

II 

I 



1 

2 
3 

4 



Table 2: This table gives the dimensions of the group of diagonal scale- frame transformations and 
its various subgroups: ScaleAut is the diagonal scale-automorphism group defined by (34); Aut 
(SAut) is the diagonal (special) automorphism group; the dimension of the group of Hamiltonian 
[scale] symmetry transformations, defined in Subsec. 6.1, depends on if we consider vacuum or a 
perfect fluid. The group of Hamiltonian scale symmetry transformations coincides with ScaleAut 
in the vacuum case; likewise, the group of Hamiltonian symmetry transformations coincides with 
SAut in the perfect fluid case — this is indicated by the superscripts t and *, respectively. 



in analogy to /3 , see (13). Since the transformation only involves a change of the spatial frame, 
it follows that N i— ► TV, whence N i— ► exp(3a°)7V. Let (a/3j) be a permutation of (123); then (28) 
and (12a) lead to 

(3 a ^ j3 a -a a , /3° h-> 0° -a° , h a h-> exp(a Q - a 13 - a?) h a (30a) 
TT a i ► e _3a °7r Q , 7r h-> e~ 3a °7r ■ (30b) 

The group of scale-frame transformations. The direct sum of the scale group and the group of 
(spatial) frame transformations forms the scale-frame transformations. An element of this group is 
represented by a quadruple (s, a) = (s, a 1 , a 2 , a 3 ), which acts on the canonical variables according 
to 

f3 a h+ f3 a + s - a a , P° h+ (3° + s - a , n a ^ exp(a Q - a? - a 7 ) n a (31a) 
Tr a ^ e 2s - 3a \ a , no i — ► e 2s ~ 3a \ . (31b) 

Furthermore, N ^ cxp(3a° — 2s)N and n a e 213 i— > e 2s ~ 3a ° n a e 2 ^ for all a (trivially, if h a = 0); 
note also that H i— > er s H. The energy density p is a scalar under (28) but scales under the scale 
group; we obtain 

p I — > e- 2s p , po e (^)«-3( 1 +»)«°po = e -(l—)« e (l+»)(2-3a°) po . (32 ) 

From the above it follows that 

T ^ e 2(2 S -3a°) T ; ^ ^ e 2(2 s -3 °) ^ ; ^^^(2,-3^)^^ J{ g2(2s-3a°) j£ _ (33) 

The scale-automorphism group. The subgroup of spatial frame transformations (28) that 
leave the structure constants invariant is called the (diagonal part of the) automorphism (matrix) 
group, Aut, of the Lie algebra. According to (31a), the automorphism conditions are 

a a = a 13 + a? Va such that h a ^ ; (34) 

again, (a/37) <= {(123), (231), (312)}. An alternative representation of the automorphism condi- 
tions (34) is a a = I a (Va such that n a 7^ 0). 

The special automorphism group, SAut, is the subgroup of automorphisms that satisfies det A = 1, 
which corresponds to a = 0. The dimension of SAut is one less than that of Aut. In Table 2 we 
give the dimensions of Aut and SAut for the different Bianchi types. 

The direct sum of the scale group and the automorphism group forms the scale-automorphism group 
ScaleAut. An element of this group is represented by the quadruple (s, a) = (s, a 1 , a 2 , a 3 ), where 
(a 1 , a 2 , a 3 ) is subject to the automorphism conditions (34). A scale-automorphism transformation 
(s,a) acts on the canonical variables according to (31). From (33) we see that, in general, the 
Hamiltonian !H is not invariant under scale-automorphism transformations. 
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4 ScaleAut and the degrees of freedom 

The variables E a , Np (a, (3 = 1,2,3) of (16) and the time variable r of (21) are invariant under 
(constant) scale-automorphism transformations as a direct consequence of (31); analogously, fik, 
S a , and f2 are invariant under ScaleAut. In the vacuum case, there do not exist any constants on 
the r.h. side of (23) that are affected by ScaleAut. In the perfect fluid case with a linear equation 
of state (where the constraint = 1 — E 2 — Slk is used to solve for O) there exists the constant 
parameter w that enters (23) via the deceleration parameter q, see (24), but w is unaffected by 
ScaleAut transformations, as follows from the analysis of Section 3. This implies that the reduced 
dynamical system (23) is invariant under diagonal scale-automorphism transformations. 

Reconstruction of the metric (3a) from a solution (T, a , Np)(r) of (23) requires the Hubble scalar 
H and an additional 'metric' quantity like Ms for each S such that n$ = (i.e., none in Bianchi 
type VIII and IX, one in type VIo/VIIo, two in type II and three in type I); see (16) and (17). 
However, these variables are not invariant under ScaleAut, because, by (31), 

H i ► e- s H , M s i-> e 3a °- 2aS M s = e^ 7 -^ M s (pj5) e {(123), (231), (312)} ; (35) 

in general, or + a 1 — a ^ (because the automorphism condition (34) is restricted to 5 such that 
fis ^ 0, while, presently, fig = 0). Therefore, in contrast to (E Q , Np), the variables H and Ms have 
'weight' under ScaleAut; hence, their equations decouple from the scale-automorphism invariant 
system (23) for 'dimensional' reasons. 1 This decoupling entails that one can obtain the variables 
H and Ms via quadratures from a solution (E a , Np)(r) of the system (23), i.e., 

H = H exp (- J (1 + q{r)) dT^j , Ms = Ms exp (j (q(r) + 2E 5 (r)) d^J , (36) 

where H and Ms are constants of integration. These constants arc scale and gauge constants, 
respectively, that can be eliminated by means of the scale-automorphism group: The integration 
constant H can be eliminated by means of a scale-transformation, i.e., this integration constant 
is a scale-parameter. The constants Ms can be transformed to 1 by means of an appropriate 
automorphism transformation. 

In contrast to the constants H and Ms, the free parameters obtained from solving the reduced 
Hubblc-normalizcd system (23) cannot be eliminated by means of scale-automorphism transforma- 
tions, since this system is invariant under ScaleAut. Consequently, the system (23) represents the 
essential dynamical content of the present class A Bianchi cosmologies, and the variables (E a , Np) 
reflect the degrees of freedom: 2 There are [2 + number of n a ^ 0] degrees of freedom in the per- 
fect fluid case with a linear equation of state (recall that Ei + E2 + E3 = 0), while there are 
[1 + number of h a ^ 0] degrees of freedom in the vacuum case (because of the Gauss constraint). 

When the barotropic equation of state p = p(p) is non-linear, the quantity w = p/ p is not constant 
but a function of p, i.e., w = w{p), and thus a degree of freedom is added to the problem; this can 
be dealt with in several ways. First, the system (23) can be extended by an evolution equation for 
p (or by the equation for H, since p = 3H 2 Q = 3H 2 [1 — E 2 — Ok]). The thereby enlarged system 
is not invariant under ScaleAut but only under the subgroup Aut of ScaleAut. Alternatively, one 
can use (9) to express masa function of /3 , i.e., w = w(f3°). Instead of p (or H) we may thus 
use P° or a suitable function of (3° as an additional variable; see [19]. The enlarged system is 
invariant under the subgroup of ScaleAut that is characterized by the condition s = a , since 
(3° 1— > /3° + s — a° by (31a). The relation dfl° = dr discloses another possibility: By introducing 
a scale-automorphism dependent constant f3° we can write r = j3 — (3 and regard w as being a 
time dependent function w = w(t), which turns (23) into a non-autonomous system. 



1 In [25] it is shown how one can use a non-zero inhomogeneous shift vector, determined by the auto- 
morphism group, to construct the metric algebraically and from a single quadrature for a scale- variable, e.g., 
H = Hexp[- f (l + q)dr]. 

2 We here define the number of degrees of freedom as the gauge invariant degrees of freedom, usually called the 
true degrees of freedom, minus the scale degree of freedom. 
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In the context of the latter approach, if we assume that the equation of state is asymptotically 
linear, i.e., if there exist w± such that w(t) w± as t — ► ±00, then by writing w(t) = w± + /±(t), 
where f±(r) — + when r — > ±00, we can apply a theorem by Strauss and Yorke [26] that shows 
that the future (past) asymptotics of the non-autonomous system coincide with the asymptotics 
of the system with w = w+ (w = w~). Similar considerations apply to the more general case, 
where w(t) does not converge, but \mi'mi T ^± 00 w(t) and limsup r ^ ±00 w(t) exist, provided that 
the asymptotic range of w(t) is a range of structural stability, where the asymptotics of models 
are qualitatively similar. This suggests that the case of a linear equation of state is the cornerstone 
for any further asymptotic analysis; one can use the linear case to either determine the asymptotic 
dynamics of the problem when a limit exists, or to provide bounds for the asymptotic limits when 
liminf T _»± 00 w(t) and limsup r _ > _(_ 00 w(t) exist. These considerations justify the focus on perfect 
fluids with linear equations of state. 



5 Hamiltonian structures 

This section contains Hamiltonian considerations of a more general nature: We show how conserved 
quantities and monotone functions can be obtained in a rather general context. In the subsequent 
section 6 we combine these results with our previous analysis of the scale-automorphism group and 
derive conserved quantities and monotone functions for the reduced dynamical system (23). 

Let us consider a Hamiltonian that is of the general form 

5C = T(p) + U(q) = ±G« p iPj + U(q) = , (37) 

where {q,p} with q = (q l )i = o.... yn and p = (pi)i=o,....n denotes a set of canonical variables. The 
kinetic term T is a quadratic form of the momenta; we assume that G lJ is the inverse of a (constant) 
Lorentzian metric Gy with signature ( — !-•••+)■ The potential U depends on q and may include 
a number of constants, collectively denoted by k. 

Suppose that there is a Lie group of transformations, whose elements we denote by (a, a), that 
acts on the canonical variables {q,p} and on the constants k according to 



q + a — a , Pi 



jo+bja' pu ft 1 — ► e da+d ' a \ , (38) 



where b £ R, bj € M Vj, d E M. and dj G M Vj. Wc assume that T and U transform identically 
so that the constraint TL — is preserved. The generator of the transformation (a, a) is denoted 
by c and its action on an arbitrary function F of the variables (q,p) and the constants k by c-F. 
Then (38) yields 



t d 

c - q=c w q 



( CT -«°)4o + ( CT -« 1 )^T + --- + ^-«")^r]^ ( 39a ) 

c p = ( [ba + bjaP] Pi -S—} P, c-k — ([da + dja^] k n ; (39b) 

in particular, the action on q is represented by a constant vector c = (c l )j=o ... n with c ? 1 = a — a 1 . 

As follows from Nocther's theorem, a transformation that leaves a Hamiltonian !K (form-) invariant, 
which means that JC 1— ► "K and that none of the constants in "K are affected, corresponds to a 
variational Hamiltonian symmetry that yields a conserved momentum quantity. We will refer to 
such a transformation as a Hamiltonian symmetry transformation. 

In the present context, J{ is given by (37). A transformation (a, a), with generator c, is a Hamil- 
tonian symmetry if c-5£ = c-T + c-U = and c-k = 0. The former condition is satisfied if c p = 
(since G 4 -? is a constant metric); preservation of the constraint ensures that c-U = 0. Therefore, 
the conditions are 

b a + bjCX> = and da + dja j = . (40) 
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Since c-k = 0, we find c-U = d diU (= 0). The Hamiltonian equations yield {dpi)' = — d diU = 0, 
which implies that the momentum quantity dpi associated with c, is conserved, i.e., 

c l p l = const . (41) 

There exists a more general class of 'symmetries' that do not lead to conserved quantities but to 
monotone functions; the analysis is somewhat more involved and thus deserves special attention. 



5.1 Hamiltonian scale symmetries and monotone functions 

We say that a transformation (38) is a Hamiltonian scale symmetry transformation if !H is mapped 
to a multiple of J{, i.e., !K t— > k^K for some igl, where each constant in J{ remains unchanged; 
in other words, the 'conformal class' [5£] = {k"K \ k £ R} is (form-) invariant under a Hamiltonian 
scale symmetry transformation. Note that the group of Hamiltonian symmetry transformations is 
a subgroup (of codimension one) of the group of Hamiltonian scale symmetry transformations. We 
call a transformation a proper Hamiltonian scale symmetry transformation if k ^ 1 in JC i— > k!K. 

For a proper Hamiltonian scale symmetry transformation merely the constants n are invariant, 
i.e., c-k = 0. Therefore, the Hamiltonian scale symmetries satisfy 

da + djot? =0. (42) 

The action of c on T and U is proportional to T and U , respectively, i.e., 

c-T = rT and c-U = d diU = rU , (43) 

for some r = const; a rcscaling of c is accompanied by the same rescaling of 7'. It follows that 

{jpi)' = -<* diU = -rU , (44) 

and thus dpi is monotone if U has a definite sign. 

In addition to dpi we construct a more intricate monotone quantity. Define 

M := M cJ Pj cxp(±hq l ) , (45) 

where c is associated with the generator of a proper Hamiltonian scale symmetry (i.e., r ^ 0), Mq 
is a constant, and k = (fe t )»=o,...,n is to be specified; indices are lowered with Gy, i.e., ki = Gijk J . 
Hamilton's equations and the Hamiltonian constraint Ti = lead to 

exp (| fcjif ) . (46) 

Accordingly, the question of monotonicity of M is determined by the properties of the quadratic 
form (r G' 3 + c^k^)piPj. The causal character of c plays a crucial role. 

Let us first consider the case of a timelike scale symmetry generator c. W. 1. o. g. we assume 

c 2 = Cid = -1 , (47) 
which fixes r in (43) up to a sign; we refer to (51) et seq. for the case c 2 ^ — 1. The choice 

k = rc (<-► F = re* ) , (48) 
leads to rG' 3 + c^fc^ = r(G y + c l c J ) being positive or negative semidefinite, which implies that 

M = M dp, exp (J ci?*) , (49) 

is a monotone function, see (46). 



M = \ M 



rG ij +c {i k j) 
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Remark. It is of interest to note that there exists a non-linear canonical point transformation from 
(q l )i=o,...,n to (Q J ')i'=o,...,n such that 

Q ' = -2(A/ r)- 1 exp (-§ erf) , P < = M . (50) 

For practical reasons it is useful to consider the case of a timelike scale symmetry generator c, i.e., 
ddJJ = rU, that is not normalized, i.e., 

c 2 = CfC* < . (51) 

This results in a straightforward generalization of (49), 

M = M c^ P] exp (-J £ ctf*) . (52) 

Since r _1 c is invariant under rescalings of c, cf. (43), this is true for rci/c 2 as well; therefore, (49) 
and (52) define the same function M, which, by construction, is monotone. 

Next we consider the case of a null scale symmetry generator c, i.e., 

c 2 = c iC l = . (53) 
The vector c cannot be normalized; however, there exists a second null vector, c, such that 

cc = c l c t = -1 . (54) 

The choice 

k = 2rc (<-► k l = 2rc* ) (55) 
yields a positive or negative semidefinite form r G iJ + c^W' = r(G JJ + 2 c^c 7 '), which implies that 

ill = M c^pj exp (r c,<f ) , (56) 

is monotone, see (46); M is independent of the choice of scaling of c, since re is invariant under 
rescalings of c — note that r -1 c is invariant because of (43) and cc is invariant because of (54). 

Remark. The null case is the marginal case; in the case of a spacelike scale symmetry generator 
there does not exist any choice of k such that the function M in (45) becomes monotone. 



5.2 Invariant monotone functions 

The monotone functions M of the type (45) are in general not invariant under the action (38) 
of the group of transformations. However, as we will show in the following, we can exploit the 
freedom of choosing the vectors c, k, and the constant Mq to remedy this defect. 

Consider the set of Hamiltonian scale symmetries (a, a) and the set of its generators c. The vectors 

c = (c 8 )j = o n acting on the space of the variables q form a linear subspace; the Hamiltonian 

symmetries are a subspace of codimension one. Therefore, each generator c l di can be represented 
as a linear combination 

c* = 4 + c* , (57) 

where c l p is associated with a (fixed) generator of a proper scale symmetry and c l s with the generator 
of a Hamiltonian symmetry. 

Since we are considering Hamiltonian scale symmetries, we observe 

c-U = c%U = c l p diU + 4diU = rU (58) 
and c-T = rT, see (43). From c-T = rT it follows that c acts according to 



(59) 
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on the momenta. Consequently, the generator c acts on the monotone function M according to 

c-M = (c% + \ Pi M=\(r + he 1 ) M . (60) 

Let us restrict our attention to the case of a timelike scale symmetry generator c p , i.e., we assume 
that GijCpC 3 p < 0; then k l = — (r/cp) c l p and the monotone function M is given by 

M = M p jCp exp (- § ^ Ga c p q j ) , (61) 

cf. (52). We obtain 

c-M = i (r - (I,/./ A/ = -i £ (-c p + G«4(cj + eg)) M = -± £ G^cj M ; (62) 

hence, M is not invariant under the group of Hamiltonian scale symmetries (unless the group 
of Hamiltonian symmetries is trivial). However, (62) suggests that, under certain circumstances, 
there exists a canonical choice of c l p such that M is invariant under Hamiltonian scale symmetries. 

Assume that (i) the vectors c associated with the generators of Hamiltonian scale symmetries 
form a timelike space and that (ii) the vectors c s associated with the generators of of Hamiltonian 
symmetries are embedded therein as a spacelike subspace (which is of codimension one). Under 
these conditions it is possible to choose a generator c p of a proper Hamiltonian scale symmetry 
that is orthogonal to the spacelike subspace of Hamiltonian symmetries, i.e., 

G ijCp 4 = (63) 

for all generators c s of Hamiltonian symmetries. Consider the monotone quantity M constructed 
from c p by (61). In this case (and only in this case) we obtain invariance under Hamiltonian scale 
symmetries, i.e., 

c-M = (64) 
for all generators c of Hamiltonian scale symmetries. 

Although M is invariant under Hamiltonian scale symmetries, it is not necessarily invariant under 
transformations that affect (some of) the constants n. Since it is of interest to achieve this general 
invariance we utilize the freedom of choosing Mq. Under a transformation (cr, a) with generator c 
that is not necessarily a Hamiltonian scale symmetry M transforms according to 

c-M/M Q = (da + d t a l ) M/M , (65) 

where d and d% G R, as follows from a computation based on (39). Due to (64), da + did 1 vanishes 
if (cr, a) is a Hamiltonian scale symmetry, cf. (42). Recall that n is a collection of constants, i.e., a K, 
and (42) a collection of conditions, i.e., a da + a di a 1 = 0, where a ranges in some unspecific index 
set. Consequently, da + is a linear combination of the the linear expressions a da + a di a 1 , i.e., 

da + d.a 1 =J2 D a { a d cr + % a 1 ) , (D a e K Va) . (66) 

a 

If we choose M according to 

M = Y[( a K y D ", (67) 

a 

then (39b) and (66) yield 

c- M =(j2( ada + ad ^) ° K ^ ) H( aK )~ Da = + ^a l ) Mo . 

\ a /a 

Therefore, in combination with (65) we arrive at 

c-M = (c-M ) M/Mo + M (c-M /Mo) = . (68) 

We conclude that there exists a unique choice of M in terms of the constants a K, see (67), that 
makes the function M invariant under the transformation group. (We assume that the constants 
transform independently; if this is not the case, uniqueness docs not hold in general.) 



5 HAMILTONIAN STRUCTURES 14 



5.3 Symmetry breaking and monotone functions 

Consider a Hamiltonian H with a potential U = U(q) that is a sum of a finite number of terms, 

H = T(p) + U(q) = \G* p iPj + U 1 (g) + U 2 (q) + --- = 0. (69) 

In general, each of the potential terms transforms differently under the transformation group; in 
addition, each term may (or may not) include a constant (or several constants) that change under 
these transformations. 

Consider the Hamiltonian 

3C X = \G ij p iPj + U 1 (q) = 0. (70a) 

Assume that this Hamiltonian is associated with a group of Hamiltonian scale symmetries and 
Hamiltonian symmetries. The introduction of an additional term into the Hamiltonian (70a), i.e., 

% = ±G y p iPj + U x (q) + U 2 (q) = , (70b) 

breaks the (scale) symmetry group in general and the dimension of the (scale) symmetry group 
decreases. (By adding more potential terms we obtain a hierarchy of Hamiltonian problems and 
successive symmetry breaking.) However, under certain conditions, (scale) symmetry breaking 
does not affect the monotonicity properties of functions, i.e., the (scale) symmetries of a simpler 
Hamiltonian problem generate functions that may still be monotone functions for a more complex 
Hamiltonian problem. 

For defmiteness, consider the Hamiltonian (70a) and a Hamiltonian scale symmetry associated 
with (70a), i.e., Hi («-► T and U\) is mapped to a multiple of Hi, e Tl TLi, while constants remain 
unchanged. The generator (of the representation of this transformation on q-space) is c, where 

c%Ui = nUi , (71a) 

cf. (43). Now consider (70b) and assume that the Hamiltonian scale symmetry of Hi acts on U2 
according to 

c%U 2 = r 2 U 2 , (71b) 

so that ddi(Ui + U 2 ) = riU\ + r 2 U 2 ; we assume that r\ ^ r 2 . (If ri = r 2 , then c is a scale 
symmetry of H 2 and the problem reduces to the familiar problem of Subsection 5.1.) 

We introduce two quantities. The first is defined in analogy with (44), i.e., dpi, which leads to 

(c*pj)'= -d diU = -(n Ui + r 2 U 2 ) , (72) 

from which it follows that dpi is monotone if r\ Ui + r 2 U 2 has a definite sign. The second quantity 
is defined in analogy with (45), i.e., M = Mq d>pj exp (^ Since c represents a Hamiltonian 

scale symmetry of the Hamiltonian (70a), the function M is monotone (under the conditions 
of Subsection 5.1) for the Hamiltonian problem (70a). However, despite the symmetry breaking 
induced by the potential U 2 , the function may still be monotone for the Hamiltonian problem (70b). 
By means of Hamilton's equations and the constraint H = we get 



M = M 



i (ri + .••/,••• ),,,,,, + (n - r 2 ) U 2 ] exp (± htf) . (73) 



The quadratic form (ri G u + c^ l k^)piPj is identical to the one in (46) where r <-> n. Therefore, if 
(n — r 2 ) U 2 has the same sign as the quadratic from (ri G y + c^k^pipj, then M is a monotone 
function. We may proceed in complete analogy with the analysis of Subsection 5.1: In the case of 
a timelikc or null generator c we obtain 

M = M c? V] exp (- f 4, cd) , M = Mo c^p, exp (n c 2 q l ) , (74) 

respectively; in both cases, the function M is monotone. 
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6 Dynamical consequences of the scale-automorphism group 

In Section 4 we have understood the reduced dynamical system (23), which contains the 'essential' 
dynamics of Bianchi class A models, as a kinematical consequence of the scale-automorphism 
group; in the following we derive the 'essential' dynamical consequences of the scale-automorphism 
group. We apply the results of the previous section to construct scale-automorphism invariant 
conserved quantities and monotone functions. These structures are expressed in terms of the scale- 
automorphism invariant state vector of the reduced dynamical system (23) and yield restrictions 
on the flow of the scale-automorphism invariant reduced dynamical system (23). 

The perspective here is to start with the Hamiltonian representing the simplest class A model, 
the vacuum Bianchi type I model, characterized by hi = h% = hi = and po = (and thus a 
zero potential). Successively, we introduce potential terms including non-zero constants that lead 
to a hierarchy of increasingly complex problems. For the Hamiltonian symmetry and Hamiltonian 
scale symmetry groups the introduction of a new constant breaks the previous symmetry group 
and decreases its dimension by one. This is because an additional non-zero constant leads to a 
new constraint on the transformation (s, a), cf. Section 3. This structure naturally motivates a 
case-by-case study of the hierarchy associated with the constants hi, h%, hs, and po. 

We begin by discussing the group of Hamiltonian symmetry transformations and Hamiltonian scale 
symmetry transformations for our particular problems. 

6.1 Scale Aut and Hamiltonian (scale) symmetries 

The class A Hamiltonian "H is an example of a Hamiltonian that possesses the structure (37), i.e., 
JC = T + U = T + U g + U { , where T. U s , and U f are given in (11). To be able to apply the results 
of Sec. 5, we make the following identifications: 

q l ^(i a , Pi"n a , G l ^\Q aS) , G ij ^2G af3 . (75) 

In the present context, the Hamiltonian is % = N'K. Assuming that N scales like a power of 
3~C under the transformation group, which it does for the choice (21), IH and J£ share the same 
conserved quantities and monotone functions. 

Consider a scale-frame transformation (s, a) as given by (31), where (s, a) takes the place of (a, a) 
of Sec. 5. This transformation is a Hamiltonian scale symmetry if the constants in 5t remain 
unchanged, cf. (42). These constants are the structure constants that appears in U g and, in the 
fluid case, the constant po in Uf. 

Eq. (34) implies that, in the vacuum case, i.e., U{ = 0, each transformation 

(s, a) G ScaleAut (76) 

is a Hamiltonian scale symmetry, see Table 2. A proper Hamiltonian scale symmetry transforma- 
tion satisfies 2s — 3a° ^ 0, cf. (33); in particular, a scale transformation is automatically a proper 
Hamiltonian scale symmetry. In the fluid case with a linear equation of state, 3 U{ breaks this 
symmetry. This is due to the presence of the constant po, which is affected by ScaleAut according 
to (32). We conclude that 

{ (s, a) G ScaleAut | (1 + 3w)s - 3(1 + w)a° = } C ScaleAut (77) 

is the group of Hamiltonian scale symmetries in the fluid case. 

The group of Hamiltonian symmetries is determined by the additional condition that HC remain 
unchanged, cf. (40). This condition is 2s — 3a° = 2s — a 1 — a 2 — a 3 = 0, which follows from (33). 

As a consequence, in the vacuum case, i.e., Uf = 0, 

{ (s, a) G ScaleAut | s = § a° = \ (a 1 + a 2 + a 3 ) } C ScaleAut (78) 

3 The requirement Uf i— > kUf (k 1) is compatible only with a linear equation of state. 
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is the group of Hamiltonian symmetry transformations. In the fluid case, the fluid potential Uf 
breaks the symmetry (78). We find that 

SAut = { (s, a) e ScalcAut | s = a = } (79) 

is the group of Hamiltonian symmetries; it is of codimension 2 within Scale Aut, see Table 2. 

Remark. Recall that we assume —1 <w< 1, w ^ — 1/3. When w = —1, the group of Hamiltonian 
scale symmetries is Aut, while for w = — ^ this group is the direct sum of the scale group and 
SAut. In the stiff fluid case w = 1, a Hamiltonian scale symmetry is automatically a Hamiltonian 
symmetry, and the group of Hamiltonian symmetries is identical to the one in the vacuum case. 
Consequently, the three values w = — 1, w = — |, u; = 1 are associated with exceptional scale- 
automorphism properties, which in turn lead to extensive bifurcations. Although it is not difficult 
to study the exceptional values, we choose to retain a unified picture and thus avoid these values. 

In the following we derive, for each Bianchi type of class A, conserved quantities and monotone 
functions based on our analysis of the (scale) symmetries of the Hamiltonian. The conserved 
quantities are linear combinations of momenta, i.e., c Q 7r Q . Monotone quantities are either linear 
combinations of momenta or of the type (45) of Subsection 5.1. To obtain scale-automorphism 
invariant quantities, which are expressible in terms of state space variables of the reduced dynamical 
system (23), we form quotients of conserved/monotone momentum quantities and/or use the results 
of Subsection 5.2 to make M scale-automorphism invariant. 



6.2 Bianchi type I 

The scale-automorphism group ScaleAut coincides with the group of scale-frame transformations 
in Bianchi type I and is thus four-dimensional; this is because (34) does not imply any restrictions 
on a in this case. Therefore, every element (s, a) £ K x M 3 is an element of ScaleAut. 

In the vacuum case, the group of Hamiltonian symmetry transformations is given by (78) and 
hence isomorphic to R 3 . An element of this group acts on (3 1 , f3 2 , (3 3 according to (31), i.e., 
/3 1 i-> /3 1 + b 1 , ft 2 i-> /3 2 + b 2 , /3 3 i-> fi 3 + 6 3 , where b a = \{-a a + a 13 + a 7 ) is arbitrary; (a/3j) 
is a permutation of (123). Accordingly, every vector d/d(3 a is a symmetry generator, and the 
momenta 7r Q , a = 1,2,3, and every linear combination thereof (e.g., ttq = tv\ + 1x2 + ^3), are 
conserved; cf. (41). The consequence in terms of the scale-automorphism invariant variables of the 
dynamical system (23) is that S Q = const Va, cf. Eq. (16a). Since Si + E2 + S3 = and S 2 = 1, 
cf. (23b), we obtain a circle of fixed points of the system (23a), the Kasner circle, whose existence 
can thus be viewed as a direct consequence of the scale-automorphism group and its properties. 

The group of Hamiltonian scale symmetry transformations (= ScaleAut, cf. (76)) acts multiply 
transitively on the variables (/3 1 , (3 2 , /3 3 ), while the subgroup of Hamiltonian symmetry transfor- 
mations acts simply transitively; hence, Hamiltonian scale symmetries do not lead to additional 
insights, since the Hamiltonian symmetries completely determine the dynamics. 

In the perfect fluid case, the group of Hamiltonian symmetries is SAut, cf. (79), which is two- 
dimensional in Bianchi type I; it acts on /3 1 , f3 2 , f3 3 according to /3 1 1 — > /3 1 — a 1 , 1 1— > 1 — a 2 , 
f3 3 1—* f3 3 — a 3 , where a 1 + a 2 + a 3 = 0. The generators of these transformations are 

d 

c s = - a °-g^ ( with a 1 + a 2 + a 3 = 0) , (80) 

which form a spacelike subspace. Using these generators we obtain 

c™ir a = Cg7ri + c 2 7r 2 + c 3 7r 3 = const (with cl + c 2 + c 3 = 0) , (81) 

cf. (41); in particular we obtain conservation of tt\ — 7r2, ~k\ — 713, and -ki — ^3- 

The group of Hamiltonian scale symmetry transformations is three-dimensional. A Hamiltonian 
scale symmetry acts on the variables (3 1 , (3 2 , (3 3 according to (31), i.e., (3 1 1— ► (3 1 + 6 1 , /3 2 1— ► f3 2 + b 2 , 
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f3 3 i — ^ /3 3 -f- 6 3 , where we use (77) to see that 

b a = s - a a = y + W) a°-a a = — i— (-2wa a + (1 + w)a p + (1 + w)aA (82) 
1 + 3w 1 + 3u> V v ; v ; / v ; 

is arbitrary; (a/37) is a permutation of (123). In accordance with the assumptions (63) we single out 
a proper Hamiltonian scale symmetry transformation whose generator is timelike and orthogonal 
to the spacelike surface (80). Hence we take (s, a) with a a = a° ^ Va and s according to (77). 
This leads to /3 1 h-> /3 1 + 6°, /3 2 h-> /3 2 + b°, /3 3 h-> /3 3 + 6°, where 6° = s - a = 2o°/(l + 3iy). The 
infinitesimal generator of this transformation is 

_9_ _9_ _d_ 

Cp ~ 3/3 1 + d(3 2 + 0/33 ' (83) 



Since U has a sign, we obtain that the conjugate momentum, Cp7r Q = 7Ti + 7:2 + 7T3 = 7To, is a 
monotone function; cf. (44). Likewise, 7r Q is monotone for each a, which is immediate from the 
monotonicity of ttq and the conservation of ir a — irp (a,/3 = 1,2,3). The implications for the 
scale-automorphism invariant variables S a , a = 1,2,3, are the following: (16a) entails that that 
Si oc £2 oc S3 oc 7Tq , and hence S Q is monotone Va. 

An intimately related result is obtained when we construct a monotone quantity M of the type (45). 
The Hamiltonian scale symmetry generator (83) is timelike whose squared norm w.r.t. G a p = 2Q a fj 
(so that G Q/3 = \ Q a!i ) is c 2 = -12. Since U = U t is given by (lid) we obtain 

c t^ U = rU = *( 1 - w ) U - ( 84 ) 
Consequently, Cp7r Q = tt , and c pa (3 a = 2Q a $f3 a c s p = —12/3°. Insertion into (61) yields 

M = M 7T exp [-§ (1 - w) f3°] . (85) 

In general, this quantity is not scale-automorphism invariant under a ScaleAut transformation 
(s,a). However, the results of Section 5.2 allow us achieve scale-automorphism invariance by a 
suitable choice of Mq, namely Mq = y/po~. The so-constructed scale- automorphism invariant M is 
then expressible in terms of the scale-automorphism invariant state vector, cf. (18a): 

M = Pq 1/2 7T exp (-§ (1 - w) (3°) oc IT 1 / 2 = (1 - S 2 )" 1 / 2 . (86) 



The derived conserved and monotonic quantities are sufficient to completely describe the dynamics 
on the type I perfect fluid state space. The property Si oc £2 oc S3 oc -n^ 1 implies that there exist 
integration constants s a , a = 1, 2, 3, such that 

S Q = s a %/s 2 , (si + s 2 + s 3 = , s 2 = i(s 2 + s 2 + s 2 ) = 1) . (87) 

The dynamics of the type I perfect fluid case is thus completely determined by ScaleAut. 



6.3 Bianchi type II 

Without loss of generality we consider the representation hi 7^ 0, fi2 = n.3 = of Bianchi type II. 
The scale-automorphism group ScaleAut is three-dimensional in Bianchi type II, since (34) repre- 
sents one condition on a: 

a 1 =a 2 + a 3 . (88) 

We choose to view a 2 and a 3 as free parameters, which implies that elements of ScaleAut take the 
form (s, a) = (s, a 2 + a 3 , a 2 , a 3 ). 

In the vacuum case the group of Hamiltonian symmetry transformations is given by (78), i.e., 
s = I a° = a 2 + a 3 ; it is isomorphic to R 2 . A Hamiltonian symmetry acts on the variables /3 1 , /3 2 , 



6 DYNAMICAL CONSEQUENCES OF THE SCALE-AUTOMORPHISM GROUP 



18 



P 3 according to (31), which takes the form (3 1 i-> P 1 , P 2 i-> /3 2 + a 3 , /3 3 i-> /3 3 + 
generators c s span a timelike surface, which we may write as (d/dp 2 ,d/dp 3 ). Accordingly, the 
momenta 7T2 and 7r 3 are conserved; this leads to 

7T2 2 — Zj2 

— = = const . 

7T 3 2 - S 3 

The group of Hamiltonian scale symmetry transformations coincides with ScalcAut, cf. (76). Since 
a 1 = a 2 + a 3 and thus a = |(a 2 + a 3 ), (31) results in 

P 1 i ► /3 1 + s - a 2 - a 3 = p 1 + \ (2s - 3a°) , (89a) 
/3 2 i-> /3 2 + s - a 2 = P 2 + \ (2s - 3a°) + a 3 , (89b) 
P 3 ^ P 3 + s - a 3 = /3 3 + | (2s - 3a°) + a 2 ; (89c) 

where 2s — 3a°, a 2 , and a 3 can be viewed as three degrees of freedom of Scale Aut. A simple proper 
Hamiltonian scale symmetry is o 2 = a 3 = s / 0, which yields the generator d/dp 1 . Other proper 
Hamiltonian scale symmetries are obtained by combining d/dp 1 with the Hamiltonian symmetries 
(d/dp 2 ,d/dp 3 ), leading to, e.g., the scale transformation generator d/dp 1 + d/dp 2 + d/dp 3 being 
a proper Hamiltonian scale symmetry (which is true for all vacuum class A models.) 

The Hamiltonian equation for the momentum associated with the proper Hamiltonian scale sym- 
metry generated by d/dp 1 is 

and hence tx\ is a monotone function, since U has a sign; cf. (44). Likewise, ttq is monotone, since 
ttq = 7Tx + 7T2 + 7T3, where txi + n-j = const. 

Using the conserved and the monotone momenta we are able to construct scale-automorphism 
invariant monotone functions. Employing (16a') we obtain that 

— = ^7 -oc2-S l5 ^cc2-£ 2 , — oc2-S 3 (91) 

7T0 1 + 7TJ {TT 2 +n 3 ) TTQ TT{) 

are monotone, since 7r , tt\ are monotone and 7r 2 , 7r 3 are conserved. Therefore, Si, S 2 , S 3 , are 
monotone on the (reduced) state space, as are 

TTi 2 — Si 7T 3 2 — S 3 7Tl 2 — Si 

7T 2 2 — S 2 ' 7Tl 2 - Si 7T 2 + 7T 3 4 + Si 

The existence of these conservations and monotonicities provide sufficient information to obtain 
the explicit solutions of (23) in the Bianchi type II vacuum case, see, e.g., [14]. 

Remark. It is easy to construct monotone quantities M of the type (49) or (56) from the type II scale 
symmetry group, but none of these can be turned into a scale-automorphism invariant quantity, 
since the generators c s of the Hamiltonian symmetries form a timelike subspace (d/dp 2 ,d/dp 3 ). 
Therefore, since M cannot be expressed in terms of the scale-automorphism invariant state space 
variables, M does not yield any restrictions on the dynamics of the system (23). 

In the perfect fluid case, the group of Hamiltonian symmetry transformations is SAut, cf. (79), 
which is one-dimensional in type II; it acts on /3 1 , /3 2 , P 3 according to P 1 i— ► /3 1 , p 2 i— ► P 2 + a 3 , 
p 3 i ► p 3 ~t~ ft 2 , where a 2 + a 3 = 0. The generator of this transformation is given by 

Cs = W ~ W ' (92) 

which is spacclikc. Based on (92) we obtain that cfn a = tt 2 — tt 3 = const is a conserved momentum. 

The momenta 7Ti, tt2, and 7r 3 are monotone. To see this we simply use the Hamiltonian equations 

d d 
7r 1 = -N^ T U = -N(4U s + (l-w)U { ), n 2/3 = -N-^U = -N(l - w)U { , (93) 
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and note that U g and Uf have the same (positive) sign. The relations (93) show that the Bianchi 
type II fluid case can be viewed as arising from symmetry breaking of either the type I fluid case 
or the type II vacuum case; cf. the analysis of Section 5.3. Since 7Ti, 7T2, and 773 are monotone, 
tto = tti + 7T2 + 7T3, and any other positive linear combination, is monotone as well. 

Using the conserved and the monotone momenta we are able to construct scale-automorphism 
invariant monotone functions that are defined in terms of the state space variables; e.g., 

1*1 — 7?3 „ 7T 2 — 7T 3 S 2 — S 3 7T3 -, 1*2 ~ 1*3 2 - S3 

OC S 2 - S3 , ■ OC , — = 1 OC - — — . 

TTq 7T 2 + IT 3 4 + 2j1 7T2 7T2 I — 2^2 

The group of Hamiltonian scale symmetry transformations is determined by (77) and (89). To 
obtain a generator of a proper Hamiltonian scale symmetry that is timelike and orthogonal to (92), 
we choose a 2 = a 3 = |a°. Then the Hamiltonian scale symmetry condition (77) implies 

2s - 3a° = 3a° 1 



l + 3w 



which turns (89) into 

n\ n\ 3 1 - w n „ 2 3 3 + w n _o 3 3 + to 

P i-> /? + t: 77- a , /r h-> /T + - — a , /3 3 h-> /T + 



2 (! - + ( 3 + w fe + (3 + ™W • ( 94 ) 



2 1 + 3u> 4 1 + 3w 4 1 + 3w 

A convenient generator of this proper Hamiltonian scale symmetry transformation is 

d d d 

To construct a monotone quantity M, see (61), we use this generator c p . Using (43) and computing 
the squared norm of c p (w.r.t. G a p = 2Q a p) yields Cpd a U = rU = 8(1 — to) U, i.e., r = 8(1 — to), 
and c p = -4(3 +to)(7 — 3w)0 < 0. Furthermore, 

Cp7T„ = 2(1 - w)lTl + (3 + w)(tT 2 + 7T 2 ) , 

2G a ^ = -4(3 + w)p 1 - 2(5 - w){f3 2 + /3 3 ) . 
The momentum quantity Cpir a can be written as 

c°tt q = ^(2(l- W )(2-Si) + (3 + W )(4-S 2 -S 3 )) oc7ro(l6+(l + 3u;)Si) , 
and exp (— | ^ G Q7 Cp/3 7 ) (where G Q7 = 2C/ Q7 ) becomes 

exp (-r 77V ft^c^) = exp [-2 - - — (2(3 + w)^ + (5 - W )(/3 2 + f3 3 )) 

Using (31) in connection with the relation 2(a 2 + a 3 ) = 3a°, cf. (88), it is straightforward to 
compute the behavior of these expressions under a scale-automorphism transformation; we get 

M/M ^ exp [ (g+g^) ((1 + 3w)s - 3(1 + w)a )] M/M . 

The comparison with (32) reveals that the choice of Mq that makes M scale-automorphism invariant 

is M = p -2(5— )/(3+«,)(7-3«,) ; rf (6?) _ Hencej 

M = p -a(B-™)/(3+«)(7-3») c>a cxp ( _ r _^ ^^7) . (95) 

Using (18a) we find 

M oc [16 + (1 + 3to)Sx] [jv 1 (1 -"' )(1+3u ' ) n2(5-«,)j (3+l „K7-3 lu , , (9 6 ) 

where f2 = 1 — S 2 — N 2 /12 according to (23b). By construction, the function M is monotone w.r.t. 
the flow of the dynamical system (23); hence, via the monotonicity principle, see, e.g., [8, 13], we 
obtain sufficient information to analyze the global dynamics and asymptotics of the flow of (23). 
Again, the global dynamics are a direct consequence of the scale-automorphism group. 
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(99) 



6.4 Bianchi types VI and VII 

Without loss of generality we consider the representation hi = 0, n2?i 3 7^ of Bianchi types VIo 
and VIIq. The scale- automorphism group Scale Aut is two-dimensional in Bianchi types VI0/VII0, 
since (34) represents two conditions on a: 

a 2 = a 1 +a 3 , a 3 = a 1 + a 2 => a 1 = , a 2 = a 3 = | a . (97) 

We use a as the free parameter; hence, each scale-automorphism transformation is represented by 
(s,a)= ( s ,0,§ a , § a ). 

In the vacuum case, the group of Hamiltonian symmetry transformations is one-dimensional and 
given by (78), i.e., s = | a . An element of this group acts on the variables (3 1 , f3 2 , (3 3 according 
to (31), which leads to /3 1 1— > (3 1 + |a°, (3 2 1— > f3 2 , (3 3 1— > /3 3 . The infinitesimal generator is 
c s = d/df3 , which is a null vector. We thus obtain conservation of the conjugate momentum 7Ti. 

The group of Hamiltonian scale symmetries is ScaleAut, cf. (76), i.e., 

P 1 i-> (l 1 + s , /3 2 ^/3 2 + S -§a°, /3 3 ^ /3 3 + s - § a ; (98) 

setting s — I a we recover the Hamiltonian symmetries. As the generator of a proper Hamiltonian 
scale symmetry we choose 

d _d 

di3 2 + dj3 

Other proper Hamiltonian scale symmetries are obtained by combining (99) with Hamiltonian 
symmetries; e.g., the scale transformation generator d/dfi 1 + d/d(3 2 + d/d(3 3 . 

The momentum quantity associated with (99) is 7r 2 + 7r 3 ; it is monotone, since U has a sign; cf. (44). 
Consequently, ttq = ix\ + 7T2 + is monotone as well. We conclude that 

— oc2-Si, ■ oc — — 100 

7T TT 2 + 7T 3 4 + Ll 

are scale-automorphism invariant monotone quantities (as is Si itself). 

To construct a monotone quantity M of the type (45), we first note that the generator c s = d/dft 1 
spanning the Hamiltonian scale symmetries is null. By the results of Subsection 5.2 this makes 
it impossible to construct a scale-automorphism invariant quantity M of the kind (61) with a 
Hamiltonian scale symmetry generator that is timelike. We thus resort to the case of a Hamiltonian 
scale symmetry generator that is null. 

The generators of proper Hamiltonian scale symmetries are Xd/dfi 1 + d/80 2 + d/80 3 with Agl. 
There exists a unique choice of A that yields a null vector: A = —1/2. Therefore, we get 

c=(-i,l,l) T , c 2 = 0, c a -^U = rU = AU. (101) 

In the case of a null generator, the monotone function M is (56), i.e., M = Mo c a ir a exp (rc a (3 a ), 
where c is a complementary null vector, i.e., G a pc a cP = 2Q a pc a cP = —1. We choose c to be 

c=(i,0,0) T , (102) 

which generates a Hamiltonian symmetry. This results in c a /3 Q = 2Q a ~ t c a fP = —\{fi 2 + (3 3 ), and 
accordingly, the monotone quantity M reads 

M = Mo (-i 7Ti + 7T 2 + tt 3 ) exp [-2/3 2 - 2/3 3 ] . (103) 

Under scale-automorphism transformations we have (M/Mq) h- > exp [—(2s — 3a )] (M/Mq); scale- 
automorphism invariance is thus achieved by choosing Mq = tti = const. Therefore, 

M = TTl (-i TTl + 7T 2 + 7T 3 ) exp [-2(/3 2 + ^ 3 )] (104) 
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is a monotone quantity that can be expressed in terms of the scale-automorphism invariant variables 
of the reduced dynamical system (23). Using (16b) and (16a') we obtain 

M cx (2 - EO (-i(2 - Sx) + 1(2 - S 2 ) + ±(2 - E 2 )) (AW 1 cx (2 ~ ^ + Sl) . (105) 

Using the Gauss constraint we find an alternative representation as 

„ 3(4 — E?) (E 2 - E 3 ) 2 + (N 2 - N 3 ) 2 , . 

M cx -i = ^ 61 y ^- . 106 

A 2 A 3 JV 2 A 3 v ; 

This function is a monotone function on the state space of (23) and provides detailed information 
on the global dynamics, see [13]. 

In the perfect fluid case, there do not exist Hamiltonian symmetries (79), since SAut is trivial. 
The fluid potential breaks the symmetry of the Hamiltonian, for all ScalcAut transformations. 

Since the group of Hamiltonian symmetries is trivial, there do not exist conserved momenta. How- 
ever, we can regard the perfect fluid term as breaking the Hamiltonian symmetries and Hamiltonian 
scale symmetries of the vacuum type VIo/VIIo case. Hence consider (1, 0, 0) T and (0, 1, 1) T , cf. the 
generators c s and (99). Since both U g and Uf are positive, we obtain the monotone momentum 
quantities 7Ti and 7r 2 + 7r 3 , sec Section 5.3; note that 

^ T U=(l-w)U u ^ + JL} U = 4 U e + 2(l-w)U { . (107) 

Evidently, ttq and — 2tti + 7t 2 + 7t 3 are monotone as well. However, since there does not exist any 
conserved momentum we cannot construct any scale- automorphism invariant monotone functions. 

The group of Hamiltonian scale symmetry transformations is one-dimensional in the perfect fluid 
case. The group acts according to (98) where the Hamiltonian scale symmetry condition (77) must 
be satisfied. A straightforward calculation yields 

/JW + ?£±^A /^ 3 + ifc^ a °. (108) 

1 + 3w 2 1 + 3w 2 1 + 3w 

We choose to take 

^ = ^ + ^w +[l - w) w +{l - w) w- (109) 

as the generator of this proper Hamiltonian scale symmetry transformation and construct the 
associated monotone quantity of the type (45); we have 

c p = (2(l + w) 1 l-w,l-w) T : c%-^Lu = rU = 4(l-w)U, c% = -A(l-w)(5 + 3w) ; (110) 

in particular, c p is a timelike vector. The monotone quantity is given by (61), where 

Cp V Q = 2(1 + w)7n + (1 - w)(tt 2 + 7T 2 ) , 
2Q ai c%^ = -4(1 - w)p l - 2(3 + w)(j3 2 + /3 3 ) , 

and r and c p are given by (110). The quantities Cp7r Q and exp (— r p- £/ a7 Cp/3 7 ) can be written as 

cpV Q = i^o(2(l + w){2 - Ei) + (1 - w){A - E 2 - E 3 )) cx ^ (8 - (1 + 3w)H l ) , 

exp (-r 4r G^F) = exp \-=-^- (2(1 - w)f3 l + (3 + w)(fi 2 + /3 3 )) 
c p L 5 + 3w 

respectively. Using (31) (which corresponds to (98) in the type VIo/VIIo case) it is straightforward 
to compute the behavior of these expressions under a scale-automorphism transformation, 

M/M >-> exp [A ((1 + 3w)s - 3(1 + w)a )} M/M . 
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By the results of Subsection (5.2) there must exist a choice of Mo in terms of po that makes M 
scale- automorphism invariant. We find that 

M = p - 2 ^ 5+3 ^ c™Tr a exp (-r ^ Ga^fP) (111) 

is the desired quantity; in combination with (18a) this leads to 

M oc [8- {1 + 3w)J: 1 ][(N 2 N 3 )^ 1+3w) n}^h i (H2) 

with Q = 1 — S 2 — (N 2 — iV3) 2 /12, cf. (23b). By construction, the function M is monotone w.r.t. 
the flow of (23); via the monotonicity principle we obtain sufficient information to analyze the 
global dynamics and asymptotics of this flow — a consequence of the scale-automorphism group. 



6.5 Bianchi types VIII and IX 

For Bianchi types VIII and IX the (diagonal) automorphism group Aut is trivial because of (34); 
thus ScaleAut is one-dimensional and coincides with the scale group. Therefore, in the vacuum 
case, each Hamiltonian scale symmetry transformation is a scale transformation, /3 1 i— > (3 1 + s, 
f3 2 i— > (3 2 + s, (3 3 I— > [3 3 + s, with the generator 

d d d 

which is a timclikc vector with norm —12 w.r.t. G a p = 2Q a p; we have 

C ^ U = rU = 4U - ( 1U ) 

Consequently, d£"K a = 7r , and 2C/ Q7 Cp/3 7 = —12/3°. Insertion into (61) yields a monotone quantity, 

M = M c«n a cxp (-rQ ai c«^) = M n exp (-2 /3°) . (115) 

It is immediate from (31) that M is scale-automorphism invariant for any (scale-automorphism 
invariant) constant Mo (since a = and thus a = for Bianchi type VIII and IX). Expressing M 
in terms of the state space variables we obtain 

M oc |AiA 2 A 3 |^ , (116) 

and hence NiN 2 N 3 is monotone. 

In the perfect fluid case, the group of Hamiltonian scale symmetries is empty. However, we can 
regard the perfect fluid term as breaking the scale symmetry of the type VIII/IX vacuum case; 
alternatively, we view the gravitational potential as breaking the scale symmetry of the type I 
perfect fluid case, cf. Section 5.3. With c p as in (113) we obtain 



c 



d 



U = r g U s + ri Ui = 4 U g + 3(1 - w) U t , (117) 



cf. (73). We note that Uf > 0, cf. (lid), and < rf < r g , when — | < w < 1. In the case 
— 1 < w < — g we observe < r g < rf. Therefore, the assumptions of Section 5.3 are satisfied, and 
the quantity 

M cx <£tt q cxp (-rg a7 c«(3~<) ex |JVxJV 2 JV 3 |* (118) 
is monotone, as is N1N2N3, like in the vacuum case. 
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Bianchi type Matter 


Conserved quantities 


I vacuum 
I perfect fluid 
II (hi ^ 0) vacuum 


Ei, E 2 , E 3 , where E 2 = 1 

Sl/^2, E3/E1 

(2-E 2 )/(2-E 3 ) 



Table 3: Conserved quantities for the reduced dynamical system of class A Bianchi models. 



Bianchi type 


Matter 


Monotone quantities 


I 


fluid 


E 2 


II 


vacuum 


(2 - Ei)/(2 - E 2 ), (2 - E 3 )/(2 -Ei), (2 - Ei)/(4 + E x ) 


II 


fluid 


E 2 - E 3 , (E 2 - E 3 )/(4 + Ex), (2 - E 2 )/(2 - E 3 ) 
[16 + (I + 3«;)Ei] [ N [ 1 ^( 1 + 3 ^ n a(5-»)]-i/(3+™)(r-3») 


VI0/VII0 


vacuum 


E 1? (2-Ei)/(4 + Ei), 
(4 - E 2 )/A 2 A 3 = [(E 2 - E 3 ) 2 + (N 2 - N 3 ) 2 ]/N 2 N 3 






VI0/VII0 


fluid 


[8 - (1 + 3w)Ei][(Ar 2 A 3 ) (1+3 ^/ 4 fi]- 2 /( 5 + 3 '"') 


VIII/IX 


vacuum 


iViiV 2 iV3 


VIII/IX 


fluid 


7Vi7V 2 iV3 



Table 4: Monotonic quantities for the reduced dynamical system of class A Bianchi models. For 
Bianchi type II we assume hi 7^ 0; moreover, £1 = I — E 2 — A 2 /I2. For Bianchi types VI0/VII0 
we assume h 2 h 3 ^ 0; here, fl = 1 - E 2 - (N 2 - A 3 ) 2 /I2. 

7 Discussion 

In this paper we have analyzed the diagonal scale-automorphism group of the diagonal vacuum and 
orthogonal perfect fluid class A Bianchi models and its kinematical and dynamical consequences. 
The main kinematical consequence of the scale-automorphism group ScaleAut is the existence of a 
reduced system of equations. ScaleAut makes it possible to reduce the number of coupled equations 
and to construct a reduced system whose dimension is determined by ScaleAut; cquivalently, it 
is possible, at least in principle, to produce a single ODE whose order is determined by ScaleAut 
(for results in this area see, e.g., [24, 29, 30]). However, it is only the most special Bianchi models, 
with the largest automorphism groups, that admit sufficiently many conserved quantities to allow 
the construction of explicit solutions. 

Of particular importance is the hierarchy of reduced dynamical systems and accompanying struc- 
tures that are induced by the scale-automorphism group; it is this hierarchy that makes it possible 
to qualitatively analyze the dynamics of all models. As a dynamical consequence, the scale- 
automorphism group induces a hierarchy of conserved quantities and monotone functions in class A 
vacuum and perfect fluid models (with w = const) as given in Tables 3 and 4, respectively. 

In this paper, we have derived the structures that are necessary to describe the dynamics of Bianchi 
class A models from first principles. Note, however, that the Hamiltonian techniques we have em- 
ployed are merely a convenient tool for an intermediate step; our final results are described in 
terms of scale-automorphism invariant Hubble-normalized reduced state vector, which is indepen- 
dent of a Hamiltonian formulation. Our results exclusively rely on the scale-automorphism group 
and could in principle have been derived without any reference to a symplectic structure. This 
docs not mean that the Hamiltonian methods and results arc not of interest. In [27, 28] conserved 
quantities played a key role for quantizing various spatially homogeneous models. However, we 
have shown that, in a classical context, monotone functions are at least as important as conserved 
quantities. Should this not be reflected in a quantum context as well? And if so, how? Note that, 
e.g., monotone functions associated with timclikc generators can be regarded as timelike momenta, 
cf. (50). If such a momentum had been conserved instead of monotone, this would have resulted 
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in a natural frequency decomposition. 

The present vacuum and perfect fluid models serve as an example that illustrates a general mecha- 
nism. Instead we could have considered, e.g.. electromagnetic fields or collisionlcss (Vlasov) matter. 
Einstein- Vlasov shows that the scale-automorphism group has consequences on two levels. First, 
it has direct consequences for integrating the matter equations. In the Vlasov case this means that 
there is a connection between the scale-automorphism group and the conservation of momenta of 
the particles of the collisionlcss gas. Conservation of momenta subsequently plays a key role for 
the solution of the Vlasov equation, which in turn is important for the description of the source. 
Second, the scale-automorphism group plays a similar role as in the present case. It leads to a hi- 
erarchy of structures associated with a hierarchy of distribution functions, including distributional 
ones. It is possible to perform a similar analysis as in the present case and tie the key struc- 
tures that have entered into the theorems about spatially homogeneous Einstein- Vlasov systems, 
see [31, 32, 33], to the scale-automorphism group. 

The automorphism group is what remains of the spatial diffeomorphism group in the context of 
Bianchi symmetries [15]. The spatial diffeomorphism group is an infinite dimensional symmetry 
group of Einstein's vacuum equations. The scale group is a symmetry group as well, but it does 
not generalize to an infinite dimensional symmetry group in the general vacuum case since the 
vacuum equations are not conformally invariant. Hence the relative balance between the scale and 
automorphism group is broken when one generalizes to the case without symmetries. As in the finite 
dimensional context one can regard sources as breaking the underlying vacuum symmetries and 
presumably source contractions induce symmetry hierarchies of the general Einstein field equations. 
Furthermore, one can introduce symmetry hierarchies that split the spatial diffeomorphism group 
into infinite dimensional and finite symmetry groups that induce hierarchy structures. 

Although the scale symmetry fails to generalize to an infinite dimensional symmetry group, this 
does not mean that it is not useful in the general inhomogeneous case. In particular, for so-called 
asymptotically silent singularities the generic asymptotic dynamics is expected to be asymptoti- 
cally governed by the silent boundary [2, 4, 6, 7]; there, the dynamics become local and spatial 
coordinates act as index sets. This means that, pointwise, the scale group and the group of spatial 
frame transformations play a similar role as ScalcAut, but the actual symmetry transformation 
groups are determined by the representation of the metric one chooses, which in turn may depend 
on global topological issues. As regards generic singularities it is worth pointing out that the 
present analysis may be of relevance to other theories that attempt to describe the Planck regime 
of the very early universe or the interior of black holes, see e.g. [34, 35] and references therein. 
The generality of the mechanism we have described in this paper suggests that there is room for 
further developments. 
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